A fieldplotting tank which has a negligible boundary error is described. A comparison between measurements made in this tank and a conventional tank shows graphically the effect of a finite boundary. It is shown that the field of two halfshells is identical to a source-sink field at remote points. The method of electrical images for solving boundary-value problems is presented. O F the many attempts to analyze the nature of the electrocardiogram, the application of laws which define the spread of electrical currents in volume conductors have been most rewarding. However, problems peculiar to the living organism such as the influence of finite boundaries on the distribution of the action currents on the body surface, and the definition of a point of reference or zero potential, have remained controversial.
T H E DOUBLE LAYER ELECTROLYTIC TANK
The double layer electrolytic tank recently developed by Boothroyd et al. 1 has two advantages over the conventional type in the technic of field plotting: first, the boundary error is eliminated and the measurements are equivalent to those made in an infinite two-dimensional medium; and secondly, it is possible to obtain a theoretically perfect "indifferent" electrode. In this tank, the electrolyte is divided into two layers by a 17'£ inch diameter plateglass disk mounted on four small spacers. As the diameter of the tank itself is 18 inches, there is a Y\ inch gap around the edge of the plate. The top liquid layer is thus contiguous with the lower layer around the periphery, and the two layers are electrically "matched". Mathematically 1 the top layer behaves as part of an infinite sheet; physically, the currents, instead of being refracted at the edge, flow around the edge and continue their course in the bottom layer.
In the tank as originally used for solving network problems, a current electrode was situated at the center of the bottom layer, and was used as the ground return point. This was removed, and a platinum ungrounded electrode substituted as the reference point. That the bottom layer electrode is at zero potential was proved by a simple experiment, shown in figure 1. Two di|x>les were placed at random locations, A and B, in the double-layer tank. The poiut P is then a theoretical zero-potential point, since it lies at the intersection of the transverse axes of the two dipoles. When potentials were measured with respect to the bottom-layer electrode, P was found to have zero potential.
The double-layer tank is very useful for measuring the field due to any distribution of sources and sinks, as it is not necessary to correct for the finite boundary. In addition, the locus of the zero-potential line due to the distribution can be determined.
In order to facilitate the measurement of potential distributions, a piece of graph paper was cemented to the glass disk by means of rubber cement 236 Circulation Rcxarcl), Volume HI, Mat 1SSI thinned with acetone. Two coats of sizing and two •coats of varnish were then applied in order to make the graph paper water-proof. If a coat of varnish is added occasionally, the same plate can be used indefinitely, without any damage being produced by the electrolyte. Measuring Equipnient.-A block diagram of the •current source and potential measuring equipment is shown in figure 2, and is similar to the circuit used by Boothroyd et al. 1 In order to reduce polarization, the electrode current was taken from a 500 cycle generator. A constant-current system was used, and the potentiometer was adjusted whenever necessary to keep the same reading on the AC milliameter. The resistance of the potentiometer is high relative to that between the electrodes in the electrolyte, so that the effects of variations of resistance of the •electrolyte and of the probes was reduced. With this system, the effects of polarization of the probes were largely eliminated; when the resistance of the electrodes increased due to polarization, the potentiometer was adjusted to compensate. The current field in the tank was thereby kept constant, and •consequently the potential field was constant. This would be true also for imaginary thin shells surrounding the electrodes. Since the electrode voltage is in •any case arbitrary, there is no need to use a constant voltage system on the electrodes. With the constant-•current system, it is not necessaiy to take any special precautions with the supply electrodes. Those used were copper, and the electrolyte was a •solution of copper sulphate in distilled water. Be-•cause of the large voltage drop across the potentiometer and the polarization back-emF on the •electrodes, the potential difference between the •electrodes was only a few volts. Another advantage of this system is that one of the current electrodes •can be grounded.
Every precaution against polarization of the search probe and reference electrode was taken. These were platinum wires coated with platinum black. They were connected to separate cathode followeis in the differential voltmeter. Because of this high input impedance, the current flow in the search and reference electrodes was very small, thus further reducing polarization troubles in the measuring electrodes. The output from each cathode follower was applied to a tube which had a large •capacitor in the cathode circuit, so that the AC input was changed to a proportional DC voltage. A DC galvanometer was connected between the two •cathodes, and its deflection indicated the potential difference, either positive or negative, between the search probe and reference electrode. With the above arrangement, one does not have to use a bridge circuit, with capacitance balancing, and the measurements can be made quickly and easily.
A motor-generator was used for the 500 cycle supply in order to obtain an output of 180 volts with enough power to supply the electrode current and also in a finite circular conductor. 9 The potential at a point P due to a source and sink in an infinite two-dimensional medium is given by:
where V = potential at any point P in the field, I = total current from source to sink, k = conductivity of medium, d = depth of conducting medium, r t = distance from sink to P, r 2 = distance from source to P. Equation (1) makes it possible to find the potential at points in the field by merely measuring the distances r x and r 2 . Figure 3 shows a comparison between equipotentials calculated from equation (1) (dashed lines), and those measured in the double-layer tank (solid lines). It is evident that the double-layer tank gives a good approximation of an infinite field.
At field points whose distance from the source and sink is large in comparison with the distance between the source and sink, these may be treated as a dipole, and equation (1) 
where M = dipole moment = current strength times distance between poles, r = distance from dipole center to field point, 6 = angle between line from field point to dipole center, and dipole axis (dipole axis from -to + pole); M' = M/2-wkd. Equation (2) is more convenient and accurate than equation (1) at remote points, since equation (1) would involve the measurement of two nearly equal distances. The locus of the zero-potential line can be found from equation (2) by setting 7 = 0. This will be true when 6 = 90° or 270°, or along the line perpendicular to the dipole axis.
The potential field of two halfshells.-As an example of the use to which the double-layer tank can be put, the field due to a "distributed source" was measured. Metal conductors were spaced around a piece of perspex having the size and shape of the heart cross-sectional area. The metal pieces dipped into the electrolyte, and a potential difference was set up between the left-hand and right-hand conductors. The resulting potential distribution is shown in figure 4 . Near the center of the tank, the equipotentials tend to follow the contour of the conductors, which are themselves equipotentials. Away from the conductors, the shape of the field is very similar to that of a point source and sink, as may be seen by comparing figure 4 with figure 3. If in figure 3 any of the equipotentials, say those for + 1 volt and -1 volt, were replaced by metal conductors of the FIX1TE BOUNDARY AND POTEXTIAL DISTRIBUTIONS 239 same size and shape and a potential difference of 2 volts were set up between them (assuming no polarization troubles), the external field would be absolutely unchanged. It is, therefore, possible to use metal conductors in field studies, as long as the conductors represent equipotential lines or areas of the original field. The field in the region inside the metal conductors in figure 4 would be different from that of a similar region in figure 3 , as in the former case the equipotentials tend to be tangent to the conductors. The zero line is similar in the two cases, however. The bending of the external zero line in figure 4 is due to the slight asymmetry of the two groups of conductors. The fact that the field at points away from the halfshells is very similar to the field produced by a point source and sink is in keeping with the demonstration 7 that any distribution of sources and sinks has a statistical average, which is equivalent to a single source and sink. (This is not meant to imply that the potential distribution near the heart is necessarily equivalent to that produced by a single dipole.)
SOLUTION OF BOUNDARY PROBLEMS BY IMAGES
The simplest method of treating boundary value problems is by the use of images, introduced by Thomson (Lord Kelvin). 8 If a source and sink in the presence of a boundary produce a certain potential field, tlie image system is the hypothetical distribution of sources and sinks which would produce the same field with the boundary removed. It is then possible to apply equation (1) to each set of sources and sinks, original and image, to find the potential.
The term "image" as used here and discussed by Pruitt and Valencia' involves an entirely different concept from the "image surface" of Burger and Van Milaan, 10 or from the "mirror image" electrocardiograms obtained on diametrically opposite sides of the chest. 11 Images in a straight-line boundary.-In figure 5a a source and sink are immersed in conducting liquid L, which is bounded by the straight insulating edge S. Figure 5b shows the mathematically equivalent situation. The line S has been removed and the entire region is now considered to be filled with the conducting liquid, infinite in extent. The source and sink remain in their original position, but an image source and sink have been added. The potential at every point in the liquid is exactly the same in the two cases, and can be calculated from equation (3). (The potential must, of course, be calculated for the original area of conducting liquid. To calculate potential values for the region to the right of S would be meaningless.)
which is the same as equation (1) where 0i and r t correspond to 6 and r, and d, and r 2 are the image dipole angle and distance. The effect of the boundary can be visualized from a consideration of figure 5b. In the immediate vicinity of the dipole, the dipole potential is so much greater than the potential due to the image that the latter can be neg-Fic 5. Images of source and sink in a straight insulating boundary. In (a), the source and sink are shown inside conducting liquid L adjacent to insulating edge S. In (b), the images have been drawn in and S removed. It can now be assumed that the liquid L is infinite in extent.
lected. As the boundary is approached, the potential due to the true dipole falls off, but that due to the image increases. At the boundary, the potential has twice the value it would have at an equal distance from a dipole in an infinite medium.
Putting V = 0 in (5) gives for the locus of the zero potential line: Figure 5b shows that the zero potential line does not lie along the transverse axis of the true dipole as is the case in an infinite medium. The zero of potential is displaced because the image dipole produces definite values of potential along the transverse axis of the real dipole. The locus is now a curved line crossing the dipole axis at some point not at its center. In reality, this is due to the distortion of the current field caused by the insulating boundary, which can be solved mathematically by the image method. The presence of inhomogeneities in the field would also cause a distortion of the field and a deflection of the zero potential line. Although it is difficult to find the actual locus from equations (4) or (6) , an idea of the magnitude of the effect can easily be obtained by calculating the potential at points along the transverse axis of the real dipole, as this potential is caused by the image dipole alone.
Images in a circular boundary.-In order to test the effect of a finite circular boundary on the field distribution, the dipole field was measured in a conventional single-layer tank having the same diameter as the double-layer tank. The "tank constant", A, was again made equal to 1.0. The results are shown in figure 6 . The finite boundary not only distorts the field, but also increases the magnitude of the potential values. Near the center of the tank, the boundary effect is small, but the effect becomes large in the vicinity of the boundary. In electrocardiography, potentials are measured on the outer boundary, so that its influence becomes of paramount importance.
As the boundary in the single-layer tank is insulating, the equipotentials meet it orthogonally everywhere. The reason for this is that the lines of current flow must be tangential to the boundary in its immediate vicinity, and the equipotentials are always orthogonal to the current flow lines. A comparison between figures 3 and 6 gives graphic evidence of the improvement brought about by the doublelayer tank.
The image system for a circular insulating boundary can be constructed easily. Figure  7 shows a source and sink at a and b inside a circle of radius R. The images are located along the radii extended at distances from the center of R*/a and R?/b. The potential at any point P inside the circle is given by equation C3), where n to r 4 are as shown. Again, the image system shows that the zero potential locus does not lie accurately along the transverse axis, and explains why points of maximum potential on the boundary do not in general lie along the dipole axis.
In figure 6 , the source and sink are located on the Y axis at y = ± 2 cm. Since the radius of the tank is 22.9 cm, the image of the source (22.9) 2 is at y = +-= +262 cm, and the image of the sink is at y = -262 cm. Using equation ( If the source and sink shown in figure 7 are close together, they may be treated as a dipole, and an image dipole found outside the circle. Figure 8 shows a dipole of moment M at distance / from the center of a circle of radius R. The center of the image dipole is located along the radius through the center of the real dipole, at a distance 72 2 // from the center of the circle. Since the poles of the image dipole lie along the radii through the poles of the real dipole, the distance between the poles of the image dipole is greater than the pole separation of the real dipole by a ratio of /2 s // 2 . The pole strength remains the same, but the i? 2 dipole moment becomes -M. The image of the dipole M is, therefore, a dipole of moment R? -M located at a distance of W/j from the center of the circle. The potential at any point P inside the circle is given by V = M'\ cos 0i it! 2 cos 0 2 By letting the dipole in figure 8 take on various positions and angles, and observing the movements of the image dipole, one can visualize the resulting potential and current distribution inside the circle. The real and the image dipoles can be assumed to be in free space, and the field due to each can be superposed to find the resulting field.
The method of images gives an exact solution of boundary problems in cases where it applies. In physical problems, errors would arise only because of the departure of the actual boundaries from circles or infinite straight lines. For example, the image system for a source inside a rectangle consists of an infinite number of images, because of multiple reflections in the four walls. An approximate answer could be obtained, however, by neglecting all but the nearest images. SUMMARY Potential distributions in electrolytic tank models can be quickly and easily measured using a constant-current electrode supply and a differential voltmeter. Polarization troubles are avoided by using a 500 cycle supply, by isolating the measuring circuit from the supply circuit, and by using a very high input impedance in the voltmeter.
The "double-layer" electrolytic tank has a very small boundary error, and provides a reference point of zero potential for any source distribution. Using this tank, it was shown that the field of two halfshells is similar to the field of a dipole at remote points.
When the conducting medium has a finite boundary in the form of straight lines or circles, the potential distribution can be calculated by means of images. An application of the method shows that when a dipole is in the presence of a finite boundary, the zero potential locus is not along the dipole transverse axis, and the points of maximum potential on the boundary are not located along the dipole axis, in the general case.
